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Abstract
In this paper, we create and implement a method to construct a non-simple, symmetric 11-Venn
diagram. By doing this we answer a question of Gr3unbaum. Daniel Kleitman’s mathematics seems
to be remote from this area, but in fact, his results inspired this solution, which holds promise
of settling the general case for all prime numbers, and the promise to 6nd simple doilies with
11 and more curves as well. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A Venn diagram consists of n simple closed curves in the plane, so that all possible
intersections (2n many) of the interiors and the exteriors of these curves are non-empty
and connected. One can put various restrictions on the diagrams and obtain special
classes of diagrams. We follow Gr3unbaum [8] in the terminology.
An independent family of curves in the plane is a collection of simple closed Jordan
curves F= {C1; C2; : : : ; Cn} such that each of the 2n sets X1 ∩X2 ∩ · · · ∩Xn is a non-
empty region (called a cell); here, Xi is either the bounded interior or the unbounded
exterior of Ci; i=1; 2; : : : ; n. The cells are also called the faces. The in6nite face
sometimes is called the outer face. A face with k edges (0¡k6n) will be called an
k-face.
A Venn diagram (or an n-Venn diagram) is an independent family of (n-many)
curves such that each cell is an open, connected region.
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We note that each of the 2n cells can be described by an n-tuple of zeros and ones
where the ith coordinate is a 0 if Xi is the unbounded exterior of Ci, otherwise it is
1; i=1; 2; : : : ; n. The weight of a binary n-tuple is the number of 1’s in the tuple.
It is clear that there is a one–one correspondence between the 2n sets of a Venn
diagram and the vertices of the n-dimensional hypercube. If A=X1 ∩X2 ∩ · · · ∩Xn
is a set in a Venn diagram then the corresponding n-tuple in the hypercube is the
description of A.
A Venn diagram is simple if at most two curves intersect (transversely) at any point
in the plane. Among the non-simple Venn diagrams, we will consider only those in
which any two curves meet (not necessarily transversely) in isolated points and not in
segments of curves.
With this restriction on the Venn diagrams, it is easy to see that if two sets A and
B in a Venn diagram share a common edge (i.e., a segment of a curve) then their
descriptions must diFer exactly in one coordinate. Also it is not hard to see that if
two sets A and B diFer in their descriptions in two or more coordinates, then the sets
cannot share a segment of a curve as their common boundary.
A Venn diagram with n curves is said to be symmetric if rotations through 360=n
degrees map the family of curves into itself, so that the diagram is not changed by
the rotation. A symmetrical Venn diagram will be called a doily. Similar to the Venn
diagram, a doily with n curves will be called an n-doily.
Two Venn diagrams are isomorphic if, by a continuous transformation of the plane,
one of them can be changed into the other or its mirror image.
A Venn diagram is said to be exposed if each of its curves has a Jordan arc on the
boundary of the unbounded region.
The Venn diagram itself can be viewed as a graph V (F), where all the intersection
points of the curves in F are the vertices and the edges are the Jordan arcs of the
curves with vertices as the end points. The graph V (F) is also called a Venn diagram.
In the rest of this paper, the notations F and V (F) are freely interchanged when it
is not important that the Venn diagram is a graph. The Venn diagram V (F) may
have multiple edges. The graph V (F) is a planar graph. Note that the Venn diagram
depends upon its drawing in the plane.
Recently, considerable attention has been given to symmetric Venn diagrams. The
concept was introduced by Henderson [15]. Apparently, the simple Venn diagrams with
one, two, or three circles are isomorphic to doilies. Henderson provided two examples
of non-simple doilies with 6ve curves; he constructed them with 6ve pentagons and
with 6ve triangles. He stated in [15] that a diagram with seven curves had been found,
but later he could not locate it.
Henderson argued that doilies could not exist if the number of the curves is a
composite number. It is based on the fact that in a doily the cells having exactly k
many 1’s (k =0; n) and n−k many 0’s in their description have a rotational symmetry.
Now the number ( nk ) of such faces must be divisible by n, for all positive integers
k¡n. A theorem of Leibnitz says that ( nk ) is divisible by n for all positive k¡n if
and only if n is a prime number, see [14].
Gr3unbaum conjectured in [7] that the previously mentioned 7-doily does not exist.
Gr3unbaum himself disproved his conjecture by giving an example of a simple, symmet-
P. Hamburger /Discrete Mathematics 257 (2002) 423– 439 425
ric Venn diagram of seven curves in [9]. He conjectured diametrically oppositely that
a p-doily exists for all prime numbers p. Shortly thereafter several others Edwards [6],
Ruskey [17], and Savage and Winkler1 gave additional examples of such diagrams
with seven curves.
In [10] Gr3unbaum wrote: “The next step towards clarifying the conjecture would be
to investigate whether there exist any symmetric Venn diagrams of 11 curves. Despite
claims (like the one in [5]; all such claims were later withdrawn) by several people
of having found diagrams of this kind, none are known at this time. The sheer size of
the problem for 11 curves puts it beyond the reach of the available approaches through
exhaustive computer searches”. In [4] it is said: “We have developed a number of tech-
niques and data structures for searching for Venn diagrams for n=5 and enumeration
of various classes of diagrams for n=7. Gr3unbaum’s problem of 6nding a symmetric
diagram for n=11 remains as elusive as ever”.
In this paper, we create a method to construct a non-simple 11-doily. This technique
does not use any computer search. The real diMculty here is to show a decent drawing
of such diagrams in a paper of limited size. The statement of Gr3unbaum that “the
sheer size of the problem for 11 curves puts it beyond the reach of the available
approaches through exhaustive computer search” should be changed to the following:
The search for a doily with 13 or more curves is beyond the size of any publishable
paper. No computer search is capable of 6nding examples of such diagrams for all
prime numbers. Only pure mathematical argument can show that these diagrams exist.
In the next three sections we are going to prove the following
Theorem 1. There is a non-simple, symmetrical 11-Venn diagram, that is, there is a
non-simple 11-doily.
2. Some preliminary arguments
In [3] it was shown that for the number of vertices |V | of a Venn diagram with n
curves the inequality
⌈
2n − 2
n− 1
⌉
6 |V |6 2n − 2
holds. Indeed, Euler’s theorem |F | + |V | − |E|=2 holds for all planar graphs, where
|F | is the number of faces, |V | is the number of vertices, and |E| is the number of
edges of the graph. If the graph is an n-Venn diagram, then 2n + |V | − |E|=2, that
is, |E| − |V |=2n − 2. On the other hand, 2n|V |¿∑v∈V deg(v)= 2|E|, where deg(v)
denotes the degree of the vertex v. This implies |E|6n|V |. Substituting this into Euler’s
formula, we have 2n − 26n|V | − |V |, and thus,
2n − 2
n− 1 6 |V |:
1The last authors have never published their example, but it appeared in [17].
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Because of the rotational symmetry of a p-doily, the number of vertices |V | (or |V |−
1) of the doily must be divisible by p. Using the assumption that there is no vertex at
the 6xed point of the rotation this means only those numbers |V |;  2p−2p−1 	6|V |62p−2,
can be the cardinality of the vertices of a p-doily which can be divided by p. According
to Fermat’s little theorem, 2p−1≡ 1 (modp), so the numbers 2p − 2 and
(
p
p−1
2
)
are
such numbers. The 6rst number will provide a simple p-doily, the second number
will provide a non-simple p-doily. In this paper p=11 and thus the second number
|V |=
(
11
11−1
2
)
=462; |F |=211 = 2048, and |E|=2508.
Remark. Another interesting case is when (2p−2)=(p−1) is an integer number. This
case could provide p-doilies with minimal vertex set. This raises the question whether
there are in6nitely many prime numbers such that 2(2p−1 − 1) is divisible by p and
p − 1. There are many such prime numbers like 2; 3; 7; 19. To show that there are
in6nitely many such prime numbers at this moment looks hopeless.
A p-doily is created by p many rotations of a simple, closed, Jordan curve over
360=p degrees in the plane. Therefore, each doily is an exposed Venn diagram. In
[3], it is proved that in a face of a Venn diagram, a curve cannot have more than
one arc. Therefore, one can enumerate the arcs of the outer face with the numbers
1; 2; : : : ; p.
If a face f in a p-Venn diagram has a description 〈b〉 with a p-tuple starting with
1, then this face is inside the curve 1; and if its description 〈b〉 ends with 0, then it is
inside of curve 1 and outside of curve p. Now, if we shift the bits of 〈b〉 by one, then
the new p-tuple 〈b′〉 starts with a 0 and the second bit is 1. The new face f′ whose
description is 〈b′〉 is inside of curve 2 and it is outside the curve 1. Since p is a prime
number doing this shift p−1 times, we receive p-many diFerent descriptions and thus
p-many diFerent faces of the Venn diagram. In the p step we return to the face f.
This is an orbit in the p-cube under the shift operation. In fact if the dimension p
of the cube is a prime number, then the p-hypercube is the disjoint union of orbits.
The p-cube can be considered as a Boolean net; where in each level (say k) there are
(pk ) vertices. This level falls into (
p
k )=p-many disjoint orbits. A sequence of shifts is
called a rotation.
All vertices of all doilies (created in this paper) will be on a circle, and the center
of rotation is the center of the circle.
3. Illustration of the technique for p=7
It is easier to understand all ideas of this construction if the numbers, such as the
number of faces, the number of edges, and the number of vertices of the doily, are not
as big as in the case p=11. It is also easier to provide a nice drawing of this case.
Therefore, we will illustrate all steps 6rst for the case p=7. In the next section, we
will show how to do it for the case p=11, and we will provide the graphics as well.
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(The graphics of this case are merely decent, due to the fact there are too many cells.)
For p=7 these numbers are: |F |=27 =128; |V |=
(
7
7−1
2
)
=35, and |E|=161.
The creation of a p-doily requires 6nding a curve and a center of rotation. And then
this curve must be rotated p times over 360=p degrees. The diMculty of this process is
6nding a suitable curve. We construct such a curve by 6rst 6nding a suitable sector of
the diagram, which is then repeated by rotation. This portion of the diagram is called
a doodle.
The creation of a doodle requires several steps. First, we choose a set of 7-tuples of
0’s and 1’s. This set is called the generator. The elements of the generator have 6rst
bit 1 and last (7th) bit 0. They are also independent, that is, neither of them can be
obtained from rotating another one under the shift operation. For p=7, there are
6∑
k=1
( 7
k
)
7
= 18
elements in the generator. They are
Weight 1 No. Weight 2 No. Weight 3 No. Weight 4 No. Weight 5 No. Weight 6 No.
1000000 1 1100000 2 1110000 5 1111000 10 1111100 15 1111110 18
1010000 3 1101000 6 1110100 11 1111010 16
1001000 4 1100100 7 1110010 12 1110110 17
1100010 8 1101100 13
1010100 9 1101010 14
We wish to create the dual graph of the doodle, in the form of a subgraph of the
7-cube. This subgraph should consist of two trees (one reaching from levels 1 to 3,
the other from levels 6 to 4), together with edges between suitable pairs of their end
points, such that the two connected trees form a planar graph. In the dual graph of a
doodle each edge joins two elements of the generator, such that, the bottom one is the
top one with a 0 convert to a 1.
In order to achieve this, 6rst, we need to 6nd a new generator, obtained by suitably
rotating some of the elements of the original generator. All the new codes again must
start with a 1 and end with a 0. One generator satisfying all these conditions (see
Fig. 1) is
Weight 1 No. Weight 2 No. Weight 3 No. Weight 4 No. Weight 5 No. Weight 6 No.
1000000 1 1100000 2 1110000 5 1111000 10 1111100 15 1111110 18
1010000 3 1000110 6 1001110 11 1111010 16
1000100 4 1100100 7 1110010 12 1101110 17
1011000 8 1100110 13
1010010 9 1011010 14
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Fig. 1. The dual graph of a doodle of a non-simple 7-doily. The numbers in the 6gure correspond to the
binary codes in the second table.
The process of 6nding the new generator is the decisive step in the construction. (In
fact, this generator should be called the doodle, and this is the radically new method
that lets us 6nd the 11-doily.) For small numbers such as 7 and 11 this can be obtained
by lucky guess, or by exhausting (computer) search. This is not the way this generator
is constructed, it is based on some insight. This has been inspired by the mathematics
of Daniel Kleitman. At the end of the paper, we will further elaborate on this step. In
the theory of 6nite sets usually the hypercube is oriented with all 0’s at the bottom
(empty set) and all 1’s at the top (full set). We do this here upside-down because all
1’s means that the face is inside of all the curves.
Now we add the edges and the vertices of the doodle. The doodle has
(
7
7−1
2
)
=7=5
vertices. They are on the arc of a circle. The arc is 1=7 of the circle perimeter. Four
vertices are full vertices, while the 6fth vertex is split into two half-vertices. These
half-vertices are at the two ends of the arc. This is shown in Fig. 2.
The segments of the arc will be edges of the doodle. This is the middle level of the
doodle. We add more edges. All of these edges will be segments of the seven curves.
Each edge starts at a vertex of the doodle, and goes around a vertex on the next level
of the dual graph of the doodle that is not circled yet, and goes back to the next vertex
of the doodle. These steps are shown in Figs. 3 and 4. The resulting doodle is shown
in Fig. 5.
The edges of the doodle of level one and seven are two arcs that meet at the two
split half-vertices. They are closing the doodle from the top and from the bottom.
For each arc segment we are designating a number between 1 and 7. These numbers
indicate to which curve will the segment belong. Between the two regions, that are
connected by this edge, the description of the regions diFer by exactly one bit. The
place of the new 1 bit tells us to which curve this segment belongs. (For instance
between the regions 〈1000000〉 and 〈1010000〉 the arc belongs to curve 3, since the
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Fig. 2. The arc of a circle (shown as a straight line segment in this drawing), and the vertices of the doodle.
The two half-vertices are half-dark discs.
Fig. 3. The next level’s edges.
new 1 is in the third place.) Notice that each curve goes through the two half-vertices.
Therefore, all curves enter and leave the doodle at the two ends. It is also important
to note that these segments and the union of curve segments having the same number
form a simple Jordan arc in the doodle. This process is shown in Fig. 5.
Now we have 6nished the construction of the doodle. If we rotate this doodle 7
times over 360=7 degrees, then we construct a non-simple 7-doily. This is shown in
Fig. 8.
During the rotations, the edge labeling of the doodle is increasing by one (mod 7) in
each step in the next doodles. For instance, in the second doodle the curve segments
having label 1 in the 6rst doodle become curve segments having label 2, the segments
having number 3 become segments 4, and so on, and segments having label 7 become
segments labeled with 1. In each rotation, seven extended simple Jordan arcs are con-
structed as the union of the segments having the same number in diFerent copies of
the doodle. Finally, after seven rotations seven diFerent simple closed Jordan curves
are constructed. One of them is shown in Fig. 6.
430 P. Hamburger /Discrete Mathematics 257 (2002) 423– 439
Fig. 4. The last level’s edges.
Fig. 5. The doodle. The numbers designated to the arcs are the labeling of the seven curves.
4. The construction of the non-simple 11-doily
We skip some of the steps. The following tables show immediately the codes of the
generator in the right positions. (This list looks to be in an illogical order. In order to
save room we combined them into one table (Table 1). On the right they are labeled
with a number between 1 and 186 for use in Fig. 7.)
Fig. 8 shows the doodle of the non-simple 11-doily with the edge assignments. Fig. 9
shows a doodle which is topologically equivalent to the one in Fig. 8. Fig. 10 is the
non-simple 11-doily. Finally, Fig. 11 is one of the simple closed Jordan curves. This
curve creates the doily by 11 rotations over 360=11 degrees, so Theorem 1 is proved.
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Fig. 6. The non-simple 7-doily, and one of the Jordan curves.
5. Summary of the method
At this moment we are not sure we have a complete proof for all prime numbers
p¿11. However, we show what additional step is needed to complete the proof for
primes p¿11. Without going into the details, we also show the decisive step we
followed in creating the doodles for the doilies.
Clearly, all but one of the steps of the process described in Chapters 1–4 can be
carried out for all prime numbers p. First, it is clear that for every prime number p
there is a generator set. The only additional step needed is that one has to show that by
rotations under the shift operation, the generator set can be arranged into a dual graph
of a doodle, that is, one can create the two trees that are described in the process. This
actually means the following:
Let P(X ) denote the poset of all subsets of a set X , where |X |= n. A level
k (06k6n), in the poset P(X ) is the set of all subsets of X with exactly k many
elements. A chain C=A1⊂A2⊂ · · · ⊂Ak in P(X ) is a saturated (skipless) chain
iF it intersects every level between levels l and l + k for some integers l and k. A
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A generator
Weight 1 No. Weight 10 No Weight 3 No. Weight 5 No. Weight 6 No.
100 000 000 00 1 111 111 111 10 186 111 000 000 00 7 111 001 100 00 52 111 011 100 00 94
110 010 000 00 8 111 101 000 00 53 111 101 100 00 95
Weight 2 No. Weight 9 No. 110 000 010 00 9 111 100 100 00 54 111 110 100 00 96
110 000 100 00 10 111 110 000 00 55 111 111 000 00 97
110 000 000 00 2 111 111 111 00 181 100 010 100 00 11 111 000 110 00 56 111 001 110 00 98
100 010 000 00 3 111 011 111 10 182 100 010 000 10 12 111 100 010 00 57 111 100 011 00 99
100 000 000 10 4 110 111 111 10 183 101 010 000 00 13 111 001 010 00 58 111 101 010 00 100
100 001 000 00 5 111 101 111 10 184 110 000 000 10 14 111 011 000 00 59 111 011 001 00 101
100 100 000 00 6 101 111 111 10 185 100 100 000 10 15 110 011 010 00 60 111 011 010 00 102
110 001 000 00 16 110 010 011 00 61 111 010 011 00 103
Weight 4 No. Weight 7 No. 110 100 000 00 17 111 010 010 00 62 111 110 010 00 104
100 100 010 00 18 110 110 010 00 63 110 110 011 00 105
111 001 000 00 22 111 011 110 00 136 100 110 000 00 19 110 110 001 00 64 110 110 101 00 106
111 100 000 00 23 111 111 100 00 137 100 101 000 00 20 110 100 110 00 65 110 101 110 00 107
111 000 010 00 24 111 111 010 00 138 100 100 100 00 21 110 011 100 00 66 110 111 100 00 108
111 010 000 00 25 111 101 110 00 139 110 110 100 00 67 110 110 110 00 109
110 011 000 00 26 111 101 011 00 140 Weight 8 No. 111 010 100 00 68 111 010 100 10 110
110 010 010 00 27 111 011 011 00 141 110 010 100 10 69 110 011 100 10 111
110 010 001 00 28 111 110 011 00 142 111 111 110 00 166 111 010 000 10 70 111 011 000 10 112
110 100 010 00 29 111 110 101 00 143 111 111 011 00 167 101 010 001 10 71 101 010 101 10 113
110 001 100 00 30 110 111 110 00 144 111 110 111 00 168 101 011 000 10 72 101 011 001 10 114
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110 100 100 00 31 110 110 111 00 145 110 111 111 00 169 101 011 001 00 73 101 011 101 00 115
111 000 100 00 32 111 010 110 10 146 111 011 110 10 170 101 010 011 00 74 101 010 111 00 116
110 010 100 00 33 111 011 100 10 147 101 011 111 10 171 110 000 101 10 75 111 000 101 10 117
110 010 000 10 34 101 011 101 10 148 111 011 111 00 172 111 000 001 10 76 111 010 001 10 118
101 010 000 10 35 101 011 111 00 149 111 011 101 10 173 110 001 100 10 77 110 001 110 10 119
100 011 000 10 36 111 010 101 10 150 110 101 111 10 174 110 100 010 10 78 110 110 010 10 120
101 011 000 00 37 111 011 001 10 151 110 110 111 10 175 110 101 100 00 79 110 101 101 00 121
101 010 010 00 38 110 001 111 10 152 111 101 111 00 176 111 100 001 00 80 111 100 101 00 122
110 000 001 10 39 110 110 110 10 153 101 111 111 00 177 101 100 110 00 81 111 100 110 00 123
110 000 100 10 40 110 101 111 00 154 101 111 011 10 178 101 101 010 00 82 101 101 011 00 124
110 100 000 10 41 111 101 101 00 155 101 101 111 10 179 100 111 010 00 83 101 111 010 00 125
110 101 000 00 42 111 100 111 00 156 100 111 111 10 180 100 101 110 00 84 100 111 110 00 126
110 100 001 00 43 101 101 111 00 157 100 100 111 00 85 100 101 111 00 127
101 100 010 00 44 101 111 011 00 158 101 111 000 00 86 101 111 100 00 128
100 101 010 00 45 100 111 111 00 159 101 110 010 00 87 101 110 011 00 129
100 100 110 00 46 101 111 110 00 160 100 111 000 10 88 100 111 001 10 130
101 110 000 00 47 101 110 011 10 161 101 110 000 10 89 101 111 000 10 131
100 111 000 00 48 100 111 011 10 162 100 101 010 10 90 100 111 010 10 132
100 110 000 10 49 101 111 010 10 163 100 101 001 10 91 100 101 101 10 133
100 101 000 10 50 100 101 111 10 164 100 100 101 10 92 100 100 111 10 134
100 100 101 00 51 100 110 111 10 165 100 110 101 00 93 100 110 111 00 135
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Fig. 7. The dual graph of the doodle of a non-simple 11-doily. The numbers in the 6gure are growing from
left to right. The corresponding binary codes can be found in Table 1.
saturated chain A1⊂A2⊂ · · · ⊂Ak in P(X ) is called symmetric if |A1|= n−|Ak |. Thus,
a saturated chain is symmetric if it goes from level m to level k = n−m. In particular,
every symmetric chain has a set at level n=2. It was shown in [2] (see also [16,1])
that
Theorem 2. P(X ) can be partitioned into disjoint symmetric chains.
If there is such a partition then, as every symmetric chain meets X n=2 in one
set, there must be
(
n
n=2
)
non-empty chains in the partition. Using the characteristic
functions of the subsets of the set X , a skipless chain in P(X ) corresponds to a set
of binary codes of the hypercube which is a path from level l; (06l6n), to level
l+k; (06l+k6n), for some integers l and k. A symmetric chain in P(X ) corresponds
to a set of binary codes of the hypercube which is a path from level l=m to level
l+ k = n− m.
The dual graph of a doodle of a non-simple doily is a subgraph of the p-cube in
which the two half-parts (from level 1 to level (p − 1)=2, and from level p − 1 to
level (p + 1)=2) are trees. In these trees a path from level 1 to level (p − 1)=2 is a
chain. These chains must meet in the middle level of the hypercube as a planar graph.
The paths from levels 1 to n are maximal symmetric chains. The dual graph of the
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Fig. 8. The doodle of the non-simple 11-doily and the labeling of the arcs.
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Fig. 9. This doodle is topologically equivalent to the one in Fig. 8.
p-doodle is created by 6rst partitioning the p-hypercube into

 pp− 1
2


many symmetric chains. This exists by Theorem 2. If there are

 pp− 1
2


p
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Fig. 10. The non-simple 11-doily.
many chains (in which the binary p-tuples are from a generator) that form the required
trees, then the process is done. If not, then some of the chains combined (and not
individual binary p-tuples) have to rotate either completely or partially into diFerent
positions in which they 6t together in the required way. If this is possible, then the
process is done. If this cannot be achieved, then some of the symmetric chains have
to extend into saturated, but not necessarily symmetric, chains. If these chains form
the required trees, then the process is done again. The two trees above are produced
this way. It is not a trial and error method, since there are too many such trees. For
p=11 only a few rotations are needed. The diMculty to develop a method that will
work for general primes p¿11 is to 6nd a typical symmetric chains partition of the
partially ordered set from which not too many such trees can be constructed.
Therefore, to show that a p-doily exists for any prime number p, it is enough to
show that a suitable generator set can be partitioned into
 pp− 1
2


many saturated chains that form the two trees.
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Fig. 11. The Jordan curve, and the center of rotation. The rotation of this curve 11 times over 360=11 degrees
creates the non-simple 11-doily in Fig. 10.
At this moment, we do not think that for every prime number p¿11 a pattern will
describe the suitable generator, and thus, we think this proof will not be constructive.
(This paragraph was added to the paper in August of 2001.) We have been doing
research of doilies in two directions in the last 3 years. First, we proved that there are
p-doilies for any possible size of vertex set if p611. We also proved that there are
13-doilies. Papers showing the 6rst results are ready for publication, [11,12,13]. The
second direction is to show that there are p-doilies for all prime numbers p¿13. We
have made signi6cant progress in this direction, but it is not complete yet.
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